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Denoising Diffusion Probabilis�c Models [3]:Minimizing Nega�ve Log-Likelihood



DDPM
Overview



DDPM
Forward Process

I Forward Process is a Markov chain that gradually perturbs imagesto Gaussian distribu�on.
xt |= x0:t−1, (1)
q(x0) := Pdata(x0), (2)
q(xt|xt−1) := N (xt;

√1− βtxt−1, βtI). (3)



DDPM
Backward Process

I Backward Process is also a Markov chain that gradually denoisesnoises from perturbs images.
xt |= xT:t+1, (4)
pθ(xT) := N (xT; 0, I), (5)
pθ(xt−1|xt) =???.



DDPM
Backward Process

Lemma 1
When βt is small for q(xt|xt−1) = N (xt;

√1− βtxt−1, βtI), its reverse
condi�onal distribu�on q(xt−1|xt) is also a Gaussian:

q(xt−1|xt) ≈ N (xt−1; 1
√1− βt(xt + βt∇ log q(xt)), βtI). (6)

I It is reasonable to parametrize∇ log q(xt) by neural network.
pθ(xt−1|xt) := N (xt−1; 1

√1− βt(xt + βtsθ(xt, t)), βtI). (7)



DDPM
Objec�ve

I The objec�ve of DDPM is to minimize nega�ve log-likelihood.
Ex0∼q [− log pθ(x0)] . (8)



DDPM
Objec�ve

Ex0∼q [− log pθ(x0)] = Ex0∼q

[
− log

∫
pθ(x0:T)dx1:T

]
(9)

= Ex0∼q

[
− log

∫
q(x1:T|x0)

pθ(x0:T)dx1:T
q(x1:T|x0)

]
(10)

≤ Ex0∼q

[
−
∫

q(x1:T|x0) log
pθ(x0:T)dx1:T
q(x1:T|x0)

]
(11)

= Ex0∼q

[
Ex1:T|0∼q

[
log

q(x1:T|x0)

pθ(x0:T)

]]
(12)

= Ex0:T∼q

[
log

q(x1:T|x0)

pθ(x0:T)

]
. (13)



DDPM
Objec�ve

I Forward Process:
q(x1:T|x0) =

T∏
t=1

q(xt|xt−1) (14)

= q(x1|x0)
T∏

t=2
q(xt|xt−1, x0) (15)

= q(x1|x0)
T∏

t=2
q(xt|x0)q(xt−1|xt, x0)

q(xt−1|x0)
(16)

= q(xT|x0)
T∏

t=2
q(xt−1|xt, x0). (17)

I Backward Process:
pθ(xT:0) = pθ(xT)

1∏
t=T

pθ(xt−1|xt). (18)



DDPM
Objec�ve

I The surrogate of nega�ve log-likelihood is
Ex0:T∼q

[
log

q(x1:T|x0)

pθ(x0:T)

]
(19)

= Ex0:T∼q

[
q(xT|x0)

∏T
t=2 q(xt−1|xt, x0)

pθ(xT)
∏1

t=T pθ(xt−1|xt)

]
(20)

= DKL(q(xT|x0)||pθ(xT)) + Eq [− log pθ(x0|x1)] +
T∑

t=2
DKL(q(xt−1|xt, x0)||pθ(xt−1|xt)).

(21)



DDPM
Objec�ve

I q(xt−1|xt) and pθ(xt−1|xt) are Gaussian distribu�ons.
q(xt−1|xt, x0) = N (xt−1;

1
√1− βt(xt + βt∇ log q(xt|x0)),

1− ᾱt−11− ᾱt
βtI), (22)

pθ(xt−1|xt) = N (xt−1;
1

√1− βt(xt + βtsθ(xt, t)), βtI). (23)

I Therefore, the surrogate of nega�ve log-likelihood becomes
T∑

t=2
λt||sθ(xt, t)−∇ log q(xt|x0)||22 + C. (24)



DDPM
Objec�ve

I For xt =
√
ᾱtx0 −√1− ᾱtε for ε ∼ N (0, I),

q(xt|x0) = N (xt;
√
ᾱtx0, (1− ᾱt)I) (25)

= (2π(1− ᾱt))−d/2 exp(− 1
2(1− ᾱt)

||xt −
√
ᾱtx0||2). (26)

∴∇ log q(xt|x0) = − 1
1− ᾱt

(xt −
√
ᾱtx0) =

1√1− ᾱt
ε. (27)

I For sθ(xt, t) = 1√1−ᾱt
εθ(xt, t), the objec�ve (24) becomes

T∑
t=2

Ex0,ε
[

λt1− ᾱt
||εθ(
√
ᾱtx0 −

√1− ᾱtε, t)− ε||22
]

(28)
= (T − 1)Ex0,t,ε

[
λt1− ᾱt
||εθ(
√
ᾱtx0 −

√1− ᾱtε, t)− ε||22
]
. (29)



DDPM
Sampling

Sampling algorithm:
xT ∼ N (0, I), (30)
xt−1|xt ∼ N (

1
√1− βt(xt + βtsθ(xt, t)), βtI). (31)

I The assump�on, small βt, in Lemma 1 is required to properlymodel the backward distribu�on. This leads to slow samplingspeed.



Score-Based Genera�ve Modeling throughStochas�c Differen�al Equa�ons [9]:Matching Marginal Distribu�ons



Score-Based Genera�ve Models
Overview



Score-Based Genera�ve Models
Forward SDE

I Forward SDE diffuses data distribu�on to Gaussian distribu�on
dxt = f(t)xtdt + g(t)dwt, x0 ∼ Pdata, (32)

where wt is Brownian process.
I A solu�on of (32), {xt}Tt=0, can be treated as a sample from thejoint distribu�on {pt}Tt=0.
I Learning joint distribu�on is difficult and the region of interest is

x0 ∼ p0. Therefore, authors detour to learn marginal distribu�on.



Score-Based Genera�ve Models
Backward SDE/ODE

I Backward SDE/ODE matches marginal distribu�on of forward SDE.(This can be proven by Fokker-Plank equa�on)
dxt =

[
f(t)xtdt− g2(t)∇ log pt(xt)

]
dt + g(t)dw̄t, xT ∼ N (0, I), (33)

dxt =
[
f(t)xtdt−

1
2g2(t)∇ log pt(xt)

]
dt, xT ∼ N (0, I), (34)

where w̄t is reverse-�me Brownian process.
I Note that the sampling at the boundary (t = T) is simple.
I Since f(·) and g(·) are given, the only unknown component of(33) and (34) is∇ log pt(xt), which is known as a score func�on.
I It is reasonable to paramerize a score func�on with a neuralnetwork, sθ(xt, t).



Score-Based Genera�ve Models
Objec�ve

I The objec�ve of score-based genera�ve models is to learn scorefunc�on: ∫ T

0
λtExt

[
||sθ(xt, t)−∇ log pt(xt)||22

]
dt. (35)

I Impossible to train since∇ log pt(xt) in (35) is intractable!
I With equivalent equa�on, training the network is feasible.∫ T

0
λtEx0

[
Ext|x0

[
||sθ(xt, t)−∇ log pt|0(xt|x0)||22

]]
dt + C. (36)



Score-Based Genera�ve Models
Objec�ve

I Variance-Exploding (VE) SDE
dxt = σdwt, (37)
xt|x0 ∼ N (x0, tσ2) (38)

I Variance-Preserving (VP) SDE
dxt = −βxtdt + σdwt (39)
xt|x0 ∼ N (e−βtx0, 1− e−2βt

2β σ2) (40)



Score-Based Genera�ve Models
Objec�ve

I For both cases, xt = γtx0 − σtε for ε ∼ N (0, I).
I As in DDPM,∇ log pt|0(xt|x0) = ε

σt
.

I The objec�ve (36) becomes∫ T

0
λt

σ2
t
Ex0
[
Eε
[
||εθ(γtx0 − σtε, t)− ε||22

]]
dt (41)

= TEx0,t,ε
[
λt

σ2
t
||εθ(γtx0 − σtε, t)− ε||22

]
dt. (42)



Score-Based Genera�ve Models
Sampling

In the perspec�ve of solving ODE by Euler method,
dxt = fθ(xt)dt, xT = xT (43)
x0 = xT +

∫ 0
T

fθ(xt)dt (44)
= xT +

1∑
i=N

∫ ti−1

ti
fθ(xt)dt (45)

= xT +
1∑

i=N

(ti−1 − ti)fθ(xti) + O(|ti−1 − ti|2) (46)

I Requirement of discre�za�ons for precise approxima�on onintegral causes slow sampling speed.



Summary

I The objec�ve of DDPM is to minimize the surrogate of thenega�ve log-likelihood.
I The objec�ve of score-based genera�ve models is to matchmarginal distribu�on of forward SDE and backward SDE/ODE.
I The slow speed of DDPM is due to assump�on, βt << 1 inLemma 1.
I The slow speed of score-based genera�ve models originates fromthe discre�za�ons which minimize errors in integral.
I Even two works have different mo�va�ons, but their objec�vesare the same: learn score func�on by a neural network.



Components to Implement Diffusion Models

I Training
I Choice of forward SDE: VP SDE, VE SDE,etc..
I What should model predict? Denoiser E[x0|xt], or noise ε.
I Choice of weights, λt.

I Sampling
I Choice of SDE/ODE solvers: Euler, Heun’s, Runge-Ku�a, etc..
I Discre�za�on methods: prac�cally small |ti−1 − ti| for small i(when data is near image manifold) yields be�er quality ofsamples.



Strong and Weak Points of Diffusion Models.



Diffusion Models vs GANs [2]

Table 1: Comparisons between diffusion models and GANs.
Diffusion Models GANsObjec�ve explicit implicitOp�miza�on minimiza�on minimaxSampling speed NFE>> 1 NFE=1Mode coverage high low



Strong Points of Diffusion Models
Training stability

An illustra�on of an avocado si�ng
in a therapist’s chair, saying ’I just

feel so empty inside’ with a pit-sized
hole in its center. The therapist,

a spoon, scribbles notes.

A 2D anima�on of a folk music bandcomposed of anthropomorphic autumn leaves,
each playing tradi�onal bluegrass instruments,

amidst a rus�c forest se�ng dappled
with the so� light of a harvest moon.

Figure 1: Image generated by DALL-E 3 *. Training stability of diffusion modelsenables training on a large scale dataset.
*h�ps://openai.com/dall-e-3



Strong Points of Diffusion Models
Controllable genera�on

I Suppose we only have uncondi�onal score func�on,∇ log pt(xt).
I S�ll we can generate condi�onal sample x0|y.
I To generate x0|y, we have to solve backward ODE as following:

dxt =
[
f(t)xtdt−

1
2g2(t)∇ log pt(xt|y)

]
dt, xT ∼ N (0, I) (47)

I The condi�onal score func�on can be calculated by
∇xt log pt(xt|y) = ∇xt log

pt(xt)pt(y|xt)
pt(y)

(48)
= ∇xt log pt(xt)︸ ︷︷ ︸uncondi�onal score fucn�on

+∇xt log pt(y|xt)︸ ︷︷ ︸external informa�on
(49)



Strong Points of Diffusion Models
Bi-direc�onal ODE solving

I Genera�ng samples by ODE makes the sampling pathdeterminis�c. Moreover, solving in (image→ latent) direc�on isalso feasible. These proper�es are useful for many tasks.
I e.g., for the I2I task, many calculate the latent of the sourceimage and give it as a boundary condi�on of target sampling ODE.Moreover, cycle consistency is guaranteed theore�cally.



Weak Points of Diffusion Models
Slow sampling speed

I When solving ODE, small |ti−1 − ti| is required to calculatefollowing integral precisely, which leads to slow genera�on.∫ ti−1

ti

fθ(xt)dt (50)
I To accelerate genera�on, accurate integral for large |ti−1 − ti| isrequired.1. Advanced inference algorithms∫ ti−1

ti

fθ(xt)dt ≈ (ti−1 − ti)h(fθ(xt)) (51)
I e.g., Euler [7], Heun’s method [4], PNDM [5], GENIE [1]2. Dis�lla�on algorithms∫ ti−1

ti

fθ(xt)dt ≈ hφ(xti) (52)
I e.g., Progressive disilla�on [6], Consistency models [8]
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