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Mo�va�on
Efficient sampling in diffusion models

Diffusion models requires heavy computa�on resource due to
itera�ve sampling strategy.

Figure 1: Graphical model of DDPM []



Mo�va�on
Efficient sampling in diffusion models

DDIM: Accelera�ng Diffusion Sampling
I DDIM reduces the number of inference steps to accelerate

sampling.
I The Trade-off: This o�en results in a degrada�on of sample

quality.



Mo�va�on
Efficient sampling in diffusion models

Improving ODE Solving Accuracy
I U�lizing higher-order samplers and extrapola�on methods

deliver more accurate solu�ons for the same number of
computa�onal steps.

I Impact: Effec�vely pushes the ”steps-quality” performance curve
upwards.



Mo�va�on
Efficient sampling in diffusion models

I These methods are sequen�ally es�ma�ng points in the ODE
trajectory.

I They trade quality for speed.
I Instead, can we trade computa�on for speed?

I Be�er for interac�ve senarios.



Parallel in Time (PinT)

PinT algorithm refers to a class of numerical methods designed to
solve �me-dependent problems by exploi�ng parallelism across �me
domain.
I Itera�ve correc�on methods : Parareal, PITA
I Mul�grid-in-Time methods : MGRIT, PFASST
I Space-�me methods : Picard itera�on, Pseudospectral in Time

Today, the presenta�on introduces two papers that leverage PinT
algorithm: Parareal and Picard itera�on.



ParaDiGMS [Shih et al., 2023]



ParaDiGMS [Shih et al., 2023]
Concept

The sequen�al solvers numerically solve

dxt = s(xt, t)dt, x0 = x0, (1)

sequen�ally in pseudo-�me (t).

xt = x0 +
∫ t

0
s(xu, u)du, (2)

⇒ xt = x0 +
1
T

t−1∑
i=0

s(xi, i/T) (3)



ParaDiGMS [Shih et al., 2023]
Concept

ParaDiGMS is mo�vated from Picard itera�on, which is an algorithm
to solve fixed-point problem:

f(x0:T) = x0:T. (4)

Fixed-point problem itera�vely refines the ODE trajectory x0:T.



ParaDiGMS [Shih et al., 2023]
Concept

Sequen�al solver

xt = x0 +
1
T

t−1∑
i=0

s(xi, i/T). (5)

Picard itera�on

x(k+1)
t := x(k)0 +

1
T

t−1∑
i=0

s(x(k)i , i/T). (6)

Then, for a func�on hi(x) := x+ s(x, i/T)/T,

x(k+1)
t = ht−1(x

(k)
t−1) (7)

x(k+1)
1
...

x(k+1)
T

 =


h0(x

(k)
0 )
...

hT−1(x
(k)
T−1)

 (8)



ParaDiGMS [Shih et al., 2023]
Concept

Picard itera�on itera�vely refines the es�ma�on of the sequence x(k)0:T.
x(k+1)
1
...

x(k+1)
T

 =


h0(x

(k)
0 )
...

hT−1(x
(k)
T−1)

 (9)



ParaDiGMS [Shih et al., 2023]
Concept

Proposi�on 1
For numerical solu�on of sequen�al solver, x∗t = ht−1(. . . h0(x0)),

s(x(k)i , i/T) = s(x∗i , i/T) ∀i ≤ t ⇒ x(k+1)
t+1 = x∗t+1. (10)

Proposi�on 1 implies x(k)0:k = x∗0:k. In other words, Picard itera�on
converges to sequen�al



ParaDiGMS [Shih et al., 2023]
Compute analysis

Sequen�al solver
Suppose we are solving ODEs with T-steps, and we have compu�ng
power to calculate B samples per second simultaneously.

x(t+1)
t+1 = ht+1(x

(t)
t ). (11)

I Number of itera�ons: T
I NFE per itera�on: 1
I Total NFE: T × 1 = T
I Effec�ve parallel opera�ons : 1
I Total Time: T/1 = T



ParaDiGMS [Shih et al., 2023]
Compute analysis

Picard itera�on


x(k+1)
1
...

x(k+1)
T

 =


h1(x

(k)
0 )
...

hT(x
(k)
T−1)

 (12)

I Number of itera�ons: K
I NFE per itera�on: T
I Total NFE: T × K = TK
I Effec�ve parallel opera�ons : min(B, T)
I Total Time: TK/min(B, T)



ParaDiGMS [Shih et al., 2023]
Implementa�on

Directly implemen�ng Picard itera�on on diffusion models has few
prac�cal challenges.
1. Performing itera�on to whole x0:T is computa�onally heavy.

I Picard itera�on on xt:t+p with sliding window approach.
I Sliding or stopping criterion.

2. Unable to perform stochas�c sampling.
I Sample the noise up-front and absorb stochas�city into the dri�.



ParaDiGMS [Shih et al., 2023]
Implementa�on - sliding window

Proposi�on 2
Assuming that ||x(k+1)

t − x(k)t ||22 ≤ 1
2 ||x

(k)
t − x(k−1)t ||22, using the

tolerance ||x(k)t − x(k−1)t ||22 ≤ 4ε2σ2t /T2 ensures that samples of xKT are
drawn from a distribu�on with total varia�on distance at most ε from
the DDPM model distribu�on.



ParaDiGMS [Shih et al., 2023]
Implementa�on - stochas�c sampling

Picard itera�on is originally designed for solving ODEs. ParaDiGMS
absorbs the stochas�c term of SDE into dri� term by sampling
stochas�city up-front.

dxt = s(xt, t)dt+ g(t)dWt, x0 = x0. (13)

⇒ xt = xt +
1
T

t−1∑
i=0

s(xi, i/T) + g(i/T)zi, zi ∼ N (0, I). (14)

By fixing zi for each i, stochas�city can be implemented to ParaDiGMS



ParaDiGMS [Shih et al., 2023]
Implementa�on



ParaDiGMS [Shih et al., 2023]
Compute analysis

# Iter. NFE/iter. # NFE Paralleliza�on Time
Sequen�al solver T 1 T 1 T
Picard itera�on K T KT min(B, T) KT/min(B, T)
ParaDiGMS K p Kp min(B, p) KP/min(B, p)



ParaDiGMS [Shih et al., 2023]
Experiments

Diffusion policy

Image diffusion



ParaDiGMS [Shih et al., 2023]
Experiments



SRDS [Selvam et al., 2024]



SRDS [Selvam et al., 2024]
Concept

SRDS is mo�vated from Parareal (Parallel in real �me). Parareal
algorithm u�lizes two solvers:
A slow but accurate fine solver F

xi+1 = F(xi, ti, ti+1) (15)

A fast but inaccurate coarse solver G

xi+1 = G(xi, ti, ti+1) (16)

Rough idea of Parareal:
1. Corase solver solves ODE for [t0, tN] sequen�ally.
2. Fine solver solves ODE for each [ti, ti+1] in parallel.



SRDS [Selvam et al., 2024]
Concept

Parareal algorithm
1. x(0)i+1 = G(x

(0)
i )

2. Compute F(x(k)i ) in parallel.

3. x(k+1)
i+1 = G(x(k+1)

i ) + (F(x(k)i )− G(x(k)i ))

4. Repeat 2 and 3 un�l convergence.



SRDS [Selvam et al., 2024]
Implementa�on

1. Consider a
√
N-discre�za�on: ti+1 = ti + T/

√
N.

2. Define coarse and fine solver with n-step solver h(xt, t, s, n).

G(xi, ti, ti+i) = h(xt, ti, ti+1, 1) (17)

F(xi, ti, ti+1) = h(xt, ti, ti+1,
√
N). (18)



SRDS [Selvam et al., 2024]
Implementa�on

3. Apply Parareal un�l ||x(k+1)√
N
− x(k)√

N
|| < τ



SRDS [Selvam et al., 2024]
Implementa�on

Proposi�on 3
The sample output by SRDS converges to the outuput of the N-step
sequen�al solver in at most

√
N refinement itera�ons.



SRDS [Selvam et al., 2024]
Implementa�on



SRDS [Selvam et al., 2024]
Compute analysis

SRDS
I Number of itera�ons: K ≤

√
N

I NFE per itera�on:
√
N︸︷︷︸
G

+ N︸︷︷︸
F

I Total NFE: K(
√
N+ N)

I Effec�ve parallel opera�ons : 1 for G,min(B,
√
N) for F

I Total Time: K(1+ N/min(B,
√
N))



SRDS [Selvam et al., 2024]
Implementa�on

Pipelining can accelerate SRDS more.
I Skip i-th segment a�er i-th itera�on.
I Be�er GPU u�liza�on.



SRDS [Selvam et al., 2024]
Compute analysis

Pipelined SRDS
I Number of itera�ons: K ≤

√
N

I NFE of k-th itera�on:
√
N− (k− 1)︸ ︷︷ ︸

G

+
√
N(
√
N− (k− 1))︸ ︷︷ ︸
F

I Total NFE: K(
√
N− K−1

2 ) + K
√
N(
√
N− K−1

2 )



SRDS [Selvam et al., 2024]
Experiments



SRDS [Selvam et al., 2024]
Experiments



SRDS [Selvam et al., 2024]
Experiments



SRDS [Selvam et al., 2024]
Experiments
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